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$EVWUDFW 7KH QXPEHU RI SHRSOH ZLWK KDQG GLVDELOLWLHV FDXVHG E\ VWURNH LV LQFUHDVLQJ HYHU\ \HDU 'HYHORSLQJ D ORZFRVW DQG
HDV\WRXVHGDWD JORYH WR FDSWXUH WKHKXPDQKDQGPRWLRQFDQEHXVHG WRDVVHVV WKHSDWLHQW·VKDQGDELOLW\ LQKRPHHQYLURQPHQW
:KLOHDPDMRULW\RIH[LVWLQJKDQGPRWLRQFDSWXUHPHWKRGVDUHWRRFRPSOH[WREHXVHGIRUSDWLHQWVLQUHVLGHQWLDOVHWWLQJV7KLVSDSHU
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0(06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ZKLFKGHSOR\V6\VWHPLQ
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0&8ZKLFKUHGXFHVWKHWRWDOZHLJKWRIWKHV\VWHP0RUHRYHUVPDOO,008FDQEHIDVWHQHGWRWKH
JORYHHDVLO\PDNLQJLWPXFKHDVLHUWRXVH
7KH,008EDVHGGDWDJORYHVDUHFRPSRVHGRIPLFURDFFHOHURPHWHUVDQGPLFURJ\URVFRSHVPDJQHWRPHWHUVDQG
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+RZHYHUGXHWRWKHFRPSOH[LW\RIKDQGPRYHPHQWWKH\DUUDQJHGHDFKMRLQWZLWKDPLFURLQHUWLDOVHQVRUWRUHVWRUH
WKHKDQGPRWLRQ>@DVVKRZQLQ)LJXUHDEF7KLVPHWKRGRIGHSOR\LQJVHQVRUVZLOOQRWRQO\OHDGWRD
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RUGHUWRPDNHDOLJKWDQGSRUWDEOHGDWDJORYHIRUSDWLHQWVXVLQJDWKRPHWKHQXPEHURIWKHVHQVRUVQHHGWREHUHGXFHG
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7KHIRUZDUGNLQHPDWLFIRUWKHWKXPEILQJHULVGHILQHG H?ൌ H?ሺ ?H?ǡH?ሻH?H? H?ሺɅH?ǡH?H?H?ሻ H?ሺɅH?ǡH?H?H?ሻ H?ሺɅH?ǡH?H?ሻ H?ሺɅH?ǡH?ሻH?H?H?H?H?H?H?H?  
H?൫ɅH?ǡH?൯ ൌ C?C?C?
C? ሺ ɅH?ǡH?ሻ െ ሺ ɅH?ǡH?ሻ  ? H?ǡH?ሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ ሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ െ ሺ ȽH?ǡH?ሻ െ  ?H?ǡH?ሺ ȽH?ǡH?ሻሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ ሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ ሺȽH?ǡH?ሻ  ?H?ǡH?ሺ ȽH?ǡH?ሻ ?  ?  ?  ? C?C?C?
C?H?H?H?H?  
:KHQN N ZUHSUHVHQWLQJWKHFHQWHURIWKHZULVW 
6RHDFKRIWKHPDWULFHV H? DUHJLYHQE\ 
H?൫ ?H?ǡH?൯ ൌ ൦ ?  ?  ?  ? ?  ?  ?  ? ?  ?  ?  ?H?ǡH? ?  ?  ?  ? ൪H?H?  
H?൫ɅH?ǡH?൯ ൌ C?C?C?
C? ሺ ɅH?ǡH?ሻ െ ሺ ɅH?ǡH?ሻ  ?  ?ሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ ሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ െ ሺ ȽH?ǡH?ሻ െ  ?H?ǡH?ሺ ȽH?ǡH?ሻሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ ሺȽH?ǡH?ሻ ሺɅH?ǡH?ሻ ሺȽH?ǡH?ሻ  ?H?ǡH?ሺ ȽH?ǡH?ሻ ?  ?  ?  ? C?C?C?
C?H?H?H?H?  
ZKHUHV Y 0&3DQGM 70&0&3LQWKLVRUGHU
H?൫ɅH?ǡH?H?൯ ൌ ൦ሺ ɅH?ǡH?H?ሻ െ ሺ ɅH?ǡH?H?ሻ  ? H?ǡH?ሺ ɅH?ǡH?H?ሻ ሺ ɅH?ǡH?H?ሻ  ?  ? ?  ?  ?  ? ?  ?  ?  ? ൪H?H?  
H?൫ɅH?ǡH?൯ ൌ ൦ ?  ?  ? H?ǡH? ?  ?  ?  ? ?  ?  ?  ? ?  ?  ?  ? ൪H?H?  
2WKHUILQJHUV 
$VVKRZQLQ)LJXUHEWKH'+SDUDPHWHUVIRURWKHUILQJHUVFDQEHREWDLQHGMXVWOLNHWKHWKXPEILQJHU
7KHIRUZDUGNLQHPDWLFIRUWKHRWKHUILQJHUVLVGHILQHG
IܲF ൌ IܶFሺ ?IFǡH?ሻH?H? IܶFሺߠIFǡH?H?H?ሻ IܶFሺߠIFǡH?H?H?ሻ IܶFሺߠIFǡH?H?H?ሻ IܶFሺߠIFǡH?ሻH?H?H?H?H?H?H?H? Ǥ 
7DEOH'+SDUDPHWHUVIRUWKHRWKHUILQJHUV 
-RLQW ી࢏ǡ࢐ ܌࢏ǡ࢐ F?࢏ǡ࢐ હ࢏ǡ࢐
Z    ?IFǡH? 
0&3 ɅIFǡH?H?H?   ?IFǡH?H? ȽIFǡH?H?
3,3 ɅIFǡH?H?H? IFǡH?  ?  ?
',3 ɅIFǡH?H?H? IFǡH?  
)LQJHUWLS  IFǡH?  
ZKHUHǃ ,05/,QGH[0LGGOHULQJOLWWOH H? DUHWKHPDWULFHVOLNHWKDWVKRZHGLQ(TJLYHQE\ 
H?൫ ?H?ǡH?൯ ൌ ൦ ?  ?  ?  ? ?  ?  ?  ? ?  ?  ?  ?H?ǡH? ?  ?  ?  ? ൪H?H?     
Hܶ?൫ߠIFǡH?H?H?൯ ൌ C?C?C?
C? ܿ݋ݏሺ ߠIFǡH?H?H?ሻ െ ݏ݅݊ሺ ߠIFǡH?H?H?ሻ  ? ݀H?ǡH?ܿ݋ݏሺߙIFǡH?H?H?ሻ ݏ݅݊ሺߠIFǡH?H?H?ሻ ሺߙIFǡH?H?H?ሻ ܿ݋ݏሺߠIFǡH?H?H?ሻ െ ݏ݅݊ሺߙIFǡH?H?H?ሻ െ  ?IFǡH?H?H?ݏ݅݊ሺߙIFǡH?H?H?ሻݏ݅݊ሺߙIFǡH?H?H?ሻ ݏ݅݊ሺߠIFǡH?H?H?ሻ ݏ݅݊ሺߙIFǡH?H?H?ሻ ܿ݋ݏሺߠIFǡH?H?H?ሻ ܿ݋ݏሺߙIFǡH?H?H?ሻ  ?IFǡH?H?H?ܿ݋ݏሺߙIFǡH?H?H?ሻ ?  ?  ?  ? C?C?C?
C?H?H? ǡ 
IܶF൫ߠIFǡH?൯ ൌ ൦ܿ݋ݏሺߠIFǡH?ሻ െ ݏ݅݊ሺ ߠIFǡH?ሻ  ? I݀FǡH?ݏ݅݊ሺ ߠIFǡH?ሻ ܿ݋ݏሺ ߠIFǡH?ሻ  ?  ? ?  ?  ?  ? ?  ?  ?  ? ൪H?H?H?H? ǡ  
ZKHUHV M 3,3',3DQGY 30
IܶF൫ߠIFǡH?൯ ൌ ൦ ?  ?  ? I݀FǡH? ?  ?  ?  ? ?  ?  ?  ? ?  ?  ?  ? ൪H?H?  
,QYHUVHNLQHPDWLFV 
,QYHUVHNLQHPDWLFV,.LVDPHWKRGWRFDOFXODWHSRVWXUHVE\HVWLPDWLQJHDFKLQGLYLGXDOGHJUHHRIIUHHGRPWR
VDWLVI\DJLYHQWDVNLWSOD\VDQLPSRUWDQWUROHLQFRPSXWHUDQLPDWLRQDQGVLPXODWLRQRISHUVRQDJHVLPXODWLRQ>@
7KHGHPDQGIRUDFFXUDWHELRPHFKDQLFDOPRGHOLQJDQGERG\VL]HEDVHGRQDQWKURSRPHWULFGDWDPDNHVWKH,.PHWKRG
DSRSXODUPHWKRGIRUIDVWDQGUHOLDEOHVROXWLRQV,QYHUVHNLQHPDWLFVFDQGHWHUPLQHMRLQWFRQILJXUDWLRQLQWKHFDVHRID
JLYHQSRVHRUHQGSRVLWLRQ7KHUHDUHWZRPDLQPHWKRGVLQ,.DQDO\VLVEDVHGDQGGLIIHUHQWLDOEDVHG>@7KHDQDO\VLV
,.LVREWDLQHGE\ILQGLQJWKHFORVHGIRUPVROXWLRQIRUWKHLQYHUVHRIWKHIRUZDUGNLQHPDWLFIXQFWLRQDQGLVDSSOLFDEOH
RQO\WRWKHVSHFLILFVWUXFWXUHVWXGLHG7KHGLIIHUHQWLDO,.XVHVWKH-DFRELDQGHWHUPLQDQWWRPDSWKH'HVFDUWHVYHORFLW\
DORQJWKHSRLQWRIWKHPRWLRQFKDLQWRWKHVSHHGRIWKHFKDLQDORQJWKHFKDLQDQGLWKDVXQLYHUVDODSSOLFDELOLW\>
@7KHGLIIHUHQWLDO,.RIWKHVLPSOLILHGLQGH[ILQJHUVKRZQLQ)LJXUHDVDQH[DPSOHLVGLVFXVVHGLQWKLVSDSHUZKLFK
LVDOVRDSSOLFDEOHWRRWKHUILQJHUVDFFRUGLQJWRWKHFKDUDFWHULVWLFVRIGLIIHUHQWLDO,.
0&3
3,3
',3
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ࢅࡼࡵࡼ
ࢄࡰࡵࡼࢅࡰࡵࡼ
ࣂࡹ࡯ࡼ
ࣂࡼࡵࡼ
ࣂࡰࡵࡼ
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)LJXUHVLPSOLILHGLQGH[ILQJHUPRGHO
7KH-DFRELDQPDWUL[LVDSDUWLDOGHULYDWLYHPDWUL[RIWKHGHWHUPLQHGMRLQWSRVLWLRQߛH?UHODWLYHWRWKHMRLQWDQJOH
RIWKHVWUXFWXUHߠH? ܬ ൌ I?I?I?I?I?I? 
7KHOLQNSRVLWLRQRIWKHILQJHU ߛH? FDQEHUHSUHVHQWHGE\DPDWUL[FRQWDLQLQJILQJHUVSRVLWLRQFRRUGLQDWHVDQG
RULHQWDWLRQV ߛH?ൌ ሾݔ ݕ ׎ሿH?Ǥ 
$FFRUGLQJWR(TXDWLRQVDQGɾ7KH-DFRELDQPDWUL[LVJLYHQDV 
ܬ ൌ C?C?C?C?
C? I?H?I?I?I?I됌? I?H?I?I?I?I?I? I?H?I?I?I?I?I?I?H?I?I?I?I됌? I?H?I?I?I?I?I? I?H?I?I?I?I?I?I?׎I I?I?I됌? I?׎I?I?I?I?I? I?׎I?I?I?I?I?C?C?C?
C?C? 
ZKHUH ݔ ൌ  ?H?ܿ ݋ݏ ߠH?H?H?൅  ?H? ܿ݋ݏሺߠH?H?H?൅ ߠH?H?H?ሻ ൅  ?H?ܿ ݋ݏሺߠH?H?H?൅ ߠH?H?H?൅ ߠH?H?H?ሻൌ  ?H?ܥH?൅  ?H?ܥH?H?൅  ?H?ܥH?H?H?ǡ ݕ ൌ  ?H?ݏ݅݊ ߠH?H?H?൅  ?H?ݏ݅݊ሺ ߠH?H?H?൅ ߠH?H?H?ሻ ൅  ?H?ݏ݅݊ሺߠH?H?H?൅ ߠH?H?H?൅ ߠH?H?H?ሻൌ  ?H?ܵ H?൅  ?H?ܵ H?H?൅  ?H?ܵ H?H?H?ǡ 
ZKHUH  ?H?ǡ  ?H?ǡ  ?H? DUHGHILQHGLQ)LJXUHLQGLFDWLQJWKHOLQNOHQJWKEHWZHHQ0&3DQG3,33,3DQG',3',3
DQGILQJHUWLSUHVSHFWLYHO\ ׎ ൌ ߠH?H?H?൅ ߠH?H?H?൅ ߠH?H?H? 
+HQFH I?H?I?I?I?I됌? ൌ െ ?H?ܵ H?െ  ?H?ܵ H?H?െ  ?H?ܵ H?H?H? ߲ݔ߲ߠH?H?H?ൌ െ ?H?ܵ H?H?െ  ?H?ܵ H?H?H?ǡ ߲ݔ߲ߠH?H?H?ൌ െ ?H?ܵ H?H?H?ǡ ߲ݕ߲ߠH?H?H?ൌ െ ?H?ܥH?െ  ?H?ܥH?H?െ  ?H?ܥH?H?H?ǡ ߲ݕ߲ߠH?H?H?ൌ െ ?H?ܥH?H?െ  ?H?ܥH?H?H?ǡ ߲ݕ߲ߠH?H?H?ൌ െ ?H?ܥH?H?H?ǡ ߲׎߲ߠH?H?H?ൌ  ?ǡ ߲׎߲ߠH?H?H?ൌ  ?ǡ ߲׎߲ߠH?H?H?ൌ  ?Ǥ 
%\VXEVWLWXWLQJRIHTXDWLRQVLQWRHTXDWLRQWKH-DFRELDQPDWUL[EHFRPHV ܬ ൌ ൥െ ?H?ܵ H?െ  ?H?ܵ H?H?െ  ?H?ܵ H?H?H? െ ?H?ܵ H?H?െ  ?H?ܵ H?H?H? െ ?H?ܵ H?H?H?െ ?H?ܥH?െ  ?H?ܥH?H?െ  ?H?ܥH?H?H?െ ?H?ܥH?H?െ  ?H?ܥH?H?H?െ ?H?ܥH?H?H? ?  ?  ? ൩ 
'DWD*ORYHZLWK2SWLPL]HG6HQVRU/D\RXW  
6HQVRUOD\RXWVWUDWHJ\ 
$VVKRZQLQ)LJXUH G LQDQLPDWLRQSURGXFWLRQGXH WR WKHFRPSOH[LW\RI WKHDQDWRPLFDOVWUXFWXUHRI WKH
KDQGDQGWKHVXEVHTXHQWGLIILFXOWLHVLQFDSWXULQJDOOLWVVXEWOHPRYHPHQWVDFWLRQVLQDQLPDWLRQDUHXVXDOO\RPLWWHG
RUFUHDWHGPDQXDOO\E\WKHDQLPDWRU:KHQXVLQJPRWLRQFDSWXUHV\VWHPWRFDSWXUHWKHZKROHERG\PRWLRQRIDQ
DFWRUGXHWRWKHFRPSOH[LW\RIWKHKDQGDQGWKHVPDOOVL]HRIWKHPDUNHUXVHGIRUH[DPSOHWKHVL]HRIWKHSURMHFWLRQ
VXUIDFHRIWKHPPPDUNHULVOHVVWKDQILYHWLPHVRIWKHPPPDUNHUWKHUHZLOOEHDODUJHQXPEHURIRFFOXVLRQDQG
PDUNLQJHUURUV LQWKHPDQXDOSRVWSURFHVVLQJSURFHVVZKLFKVLJQLILFDQWO\LQFUHDVHVWKHZRUNORDGRIWKHDQLPDWRU
5HVHDUFKHUVIRXQGWKDWILQJHUPRYHPHQWVXVLQJLQYHUVHNLQHPDWLFVUHFRQVWUXFWLRQIURPDVLPSOLILHGVHWRIPDUNHUV
SHUKDQGZHUHWKRXJKWWREHYHU\VLPLODUWRWKHFRUUHVSRQGLQJPRYHPHQWVXVLQJDIXOOVHWRIPDUNHUV7KHGDWD
REWDLQHG IURP UHGXFHG PDUNHUV FDQ EH FDOFXODWHG E\ ,. WR UHFRQVWUXFW WKH FRPSOHWHG KDQG PRYHPHQW ZKLFK
LQVSLUHVXVWRXVHWKHVDPHVWUDWHJ\RIUHGXFLQJWKHQXPEHURIVHQVRUVRQ,008EDVHGGDWDJORYHV
$KDQGVHQVRUSODFHPHQWVWUDWHJ\EDVHGRQLQYHUVHNLQHPDWLFVLVSURSRVHGDOORZLQJIRUWKHUHFRQVWUXFWLRQRI
KDQG PRWLRQ IURP D OLPLWHG QXPEHU RI VHQVRUV 7KH UHGXFHG VHQVRU OD\RXW FDQ EH GHWHUPLQHG E\ XVLQJ D SULRUL
NQRZOHGJH7KHUHVHDUFKHUVSHUIRUPHGSULQFLSDOFRPSRQHQWDQDO\VLV3&$WKURXJKWKHKDQGPRYHPHQWGDWDEDVHWR
ILQGWKDWKDQGMRLQWVXEVSDFHVZHUHVXIILFLHQWWRUHVWRUHRIWKHKDQGPRYHPHQWV>@
$ VHW RI HLJHQYHFWRUVDQG HLJHQYDOXHV FDQ EH REWDLQHG E\ SHUIRUPLQJ 3&$ RQ WKH KDQG PRYHPHQW SRVWXUH
GDWDEDVHZKLFKFDQEHXVHGWRFRQVWUXFWD  ? ? ൈ ሺ ? ൅ ݈ሻ PDWUL[RISULQFLSDOFRPSRQHQWV0*LYHQWKH3&$PDWUL[0
WKHIXOOSDUDPHWHUYHFWRU Ʌ א ܴH?H? FDQEHFRPSXWHGIURPWKHUHGXFHGVXEVSDFHSDUDPHWHUV Ƚ א ܴH?H?H? DVߠ ൌ ܯߙ ൅ ߤǡ 
ZKHUH Ɋ א H?H? LVWKHPHDQRIWKHGDWDEDVHSRVWXUHV
,Q WKLV ZD\ ZH FDQ UHSUHVHQW WKH IRUZDUG NLQHPDWLFV RI WKH HIIHFW SRLQWV ߛH? DFFRUGLQJ WR WKH VXEVSDFH
SDUDPHWHUV ߛ ൌ ߛሺߙሻ ൌ ߛሺߠሺߙሻሻǡ 
%DVHGRQWKLVUHSUHVHQWDWLRQWKH,.SUREOHPFDQDOVREHUHSUHVHQWHGE\VXEVSDFHSDUDPHWHUVܬH?ൌ ߲ߛ߲ߙ ൌ ߲ߛ߲ߠ  ?߲ ߠ߲ߙ ൌ ܬ  ?ܯǡ 
7KH,.RIVXEVSDFHFRQVWUDLQWVHQDEOHVXVWRUHVWRUHWKHFRPSOHWHKDQGPRGHOIURPDOLPLWHGQXPEHURISRLQWV
EXWWKHVHOHFWLRQRIWKHVHQVRUORFDWLRQLVQRWDUELWUDU\WZRGLIIHUHQWOD\RXWPHWKRGV)LJXUHZHUHFRPSDUHG
D E
)LJXUH&RPSDULVRQRIWKHOD\RXWVRIWKHVHQVRUVRQWKHKDQGDWUDGLWLRQDOIXOOVHQVRUVHWZLWKVHQVRUVFRYHULQJDOOMRLQWVRIWKHKDQG
E7KHRSWLPL]HGVHQVRUOD\RXWVWUDWHJ\ZLWKIHZHUVHQVRUVVHQVRUV
1RVHQVRUVZHUHSODFHGLQ3,3MRLQWVEHFDXVHLWLVDOPRVWLPSRVVLEOHWRPRYHWKH3,3MRLQWVZLWKRXWPRYLQJWKH
',3MRLQWDQGYLFHYHUVD>@7KHMRLQWDQJOHGHSHQGHQWUHODWLRQVKLSEHWZHHQ3,3DQG',3MRLQWVFDQEHH[SUHVVHG
DV>@ ߠH?H? ൌ  ? ? ߠH?H?H?Ǥ 
$WWLWXGHVROXWLRQ 
7KHUH DUH PDQ\ PHWKRGV IRU FDOFXODWLQJ DQG UHSUHVHQWLQJ WKH DWWLWXGH LQIRUPDWLRQ RI WKH FDUULHU LQ VSDFH
PRWLRQ VXFK DV WKH (XOHU DQJOH PHWKRG WKH GLUHFWLRQ FRVLQH PHWKRG DQG WKH TXDWHUQLRQ PHWKRG > @ 7KH
TXDWHUQLRQPHWKRGKDVRQO\IRXUXQNQRZQQXPEHUVVRWKHDPRXQWRIFDOFXODWLRQLVVPDOOHUDQGWKHUHLVQRLQIOXHQFH
RQWKHDQJOHFRQVWUDLQWZLWKRXWVROXWLRQ%\XSGDWLQJWKHQXPEHURIIRXUHOHPHQWVWKHDWWLWXGHLQIRUPDWLRQRIWKH
FDUULHUFDQEHUHDFWHGLQUHDOWLPHZKLFKLVYHU\VXLWDEOHIRUWKHDWWLWXGHFDOFXODWLRQRIWKHORZG\QDPLFSHUIRUPDQFH
FDUULHU
7KHTXDWHUQLRQFDQWDNHDGYDQWDJHRIWKHQDWXUHRIWKHK\SHUFRPSOH[QXPEHUWRFRPSOHWHO\URWDWHWKHUHDFWLRQ
YHFWRUDQGFDQEHH[SUHVVHGDV ݍ ൌ ݍH?൅ ݍH?݅ ൅ ݍH?݆ ൅ ݍH?݇ ǡ 
ZKHUH L M N DUH PXWXDOO\ RUWKRJRQDO XQLW YHFWRUV H? H? H? H? DUH UHDO QXPEHUV /HW H?H? EH WKH DWWLWXGH
WUDQVIRUPDWLRQPDWUL[RIWKHVHQVRU
VRZQFRRUGLQDWHV\VWHPDQGWKHQDYLJDWLRQUHIHUHQFHFRRUGLQDWHV\VWHPXVLQJ
WKHFDOFXODWLRQSURSHUW\RIWKHTXDWHUQLRQZHFDQJHWWKHDWWLWXGHWUDQVIRUPDWLRQPDWUL[
ܥH?H?ൌ ቌݍH?H?൅ ݍH?H?െ ݍH?H?െ ݍH?H?  ?ሺݍH?ݍH?െ ݍH?ݍH?ሻ  ?ሺݍH?ݍH?൅ ݍH?ݍH?ሻ ?ሺݍH?ݍH?൅ ݍH?ݍH?ሻ ݍH?H?െ ݍH?H?൅ ݍH?H?െ ݍH?H?  ?ሺݍH?ݍH?െ ݍH?ݍH?ሻ ?ሺݍH?ݍH?െ ݍH?ݍH?ሻ  ?ሺݍH?ݍH?൅ ݍH?ݍH?ሻ ݍH?H?െ ݍH?H?െ ݍH?H?൅ ݍH?H?ቍ Ǥ 
7KHTXDWHUQLRQXSGDWHHTXDWLRQRYHUWLPHLV ݍሶ ൌ  ? ? ݍ  ?߱ H?H?H? ǡ 
ZKHUH ɘH?H?H? ൌ C?C?
C?  ? െ߱H? െ߱H? െ߱H?߱H?  ? ߱H? െ߱H?߱H? െ߱H?  ? ߱H?߱H? ߱H? െ߱H?  ? C?C?
C?ǡ WKHDPRXQWRILQJUHGLHQWVLVDVIROORZV
ݍH?ሶ ൌ െ ?Ǥ ?൫ݍH?߱ H?൅ ݍH?߱ H?൅ ݍH?߱ H?൯ݍH?ሶ ൌ  ?Ǥ ?൫ݍH?߱ H?െ ݍH?߱ H?൅ ݍH?߱ H?൯ݍH?ሶ ൌ  ?Ǥ ?൫ݍH?߱ H?൅ ݍH?߱ H?െ ݍH?߱ H?൯ݍH?ሶ ൌ െ ?Ǥ ?൫ݍH?߱ H?െ ݍH?߱ H?െ ݍH?߱ H?൯ǡ 
ZKHUH ɘH? ɘH? ɘH? DUHWKHDQJXODUYHORFLW\RIWKHWKUHHD[HVRIWKHVHQVRUFRRUGLQDWHV\VWHP
,QRUGHUWRREWDLQPRUHDFFXUDWHPHDVXUHPHQWRIWKHKDQGPRWLRQWKHGDWDIURPGLIIHUHQWVHQVRUVLQGLIIHUHQW
ORFDWLRQVQHHGVWREHLQWHJUDWHG+HUH.DOPDQILOWHULQJPHWKRGLVXVHGIRUVLJQDOSURFHVVLQJDQGILOWHULQJ>@7KLV
UHFXUVLYH DOJRULWKPUHDOL]HV WKDW WKH SUHYLRXVREVHUYDWLRQ LQIRUPDWLRQ LVFRQFHQWUDWHG LQ WKHHVWLPDWHGYDOXHDQG
GRHVQRWQHHGWRUHFRUGDOOWKHKLVWRULFDOLQIRUPDWLRQ,WLVDQHIILFLHQWDXWRUHJUHVVLYHSURFHVVLQJDOJRULWKPZKLFKFDQ
KDQGOHPXOWLGLPHQVLRQDODQGQRQVWDWLRQDU\UDQGRPSURFHVVHV
/HW ොH?ȁH? EHWKHVWDWHHVWLPDWLRQDWWLPHN H?ȁH? EHWKHHUURUFRUUHODWLRQPDWUL[LQWKHSUHGLFWLRQSKDVHݔොH?ȁH?H?H?ൌ ܨH?ݔොH?H?H?ȁH?H?H?൅ ܤH?ݑH?ǡ 
Hܲ?ȁH?H?H?ൌ ܨH?ܲ H?H?H?ȁH?H?H?ܨH?H?൅ ܳH?Ǥ 
,QWKHXSGDWHSKDVH
0HDVXULQJPDUJLQ ݕ෤H?ൌ ݖH?െ ܪH?ݔොH?ȁH?H?H?Ǣ 
7KHFRYDULDQFHRIWKHPHDVXUHPDUJLQ ܵH?ൌ ܪH?ܲ H?ȁH?H?H?ܪH?H?൅ ܴH?Ǣ 
2SWLPDO.DOPDQJDLQ ܭH?ൌ Hܲ?ȁH?H?H?ܪH?H?ܵ H?H?H?ǡ ݔොH?ȁH?ൌ ݔොH?ȁH?H?H?൅ ܭH?ݕ෤H?ǡ 
Hܲ?ȁH?ൌ ሺ െ ܭH?ܪH?ሻ Hܲ?ȁH?H?H?Ǥ 
.DOPDQILOWHULVPDLQO\XVHGLQOLQHDUV\VWHPVWKHYDVWPDMRULW\RIWKHV\VWHPVDUHQRQOLQHDULQSUDFWLFH7KHUH
DUHQRQOLQHDUIDFWRUVLQGLIIHUHQWLDOHTXDWLRQVRIPLFURLQHUWLDOPHDVXUHPHQWV\VWHP,QDGGLWLRQQRWDOOREVHUYDWLRQ
PRGHOVDUHOLQHDU7KHUHIRUHLQRUGHUWRDGDSWWRWKHQRQOLQHDUUHDOLVWLFHQYLURQPHQWDQH[WHQGHGYHUVLRQRI.DOPDQ
ILOWHULVGHVLJQHGLQZKLFKWKHVWDWHWUDQVLWLRQDQGREVHUYDWLRQPRGHOLVUHSODFHGE\DGLIIHUHQWLDEOHIXQFWLRQ ݔH?ൌ ݂ሺݔH?H?H?ǡ ݑH?ǡ ݓH?ሻǡ 
ݖH?ൌ ݄ሺݔH?ǡ ݒH?ሻǤ 
&DOFXODWLQJWKHSDUWLDOGHULYDWLYHPDWUL[JLYHV	H?ൌ  ? ? ȁH?ොI?I?I?ȁI?I?I?ǡH?I?ǡ H?ൌ  ? ? ȁH?ොI?ȁI?I?I?Ǥ 
7KHUHIRUHWKHH[WHQGHG.DOPDQILOWHUHTXDWLRQLV
7KHSUHGLFWLRQSKDVH ݔොH?ȁH?H?H?ൌ ݂ሺݔH?H?H?ǡ ݑH?ǡ  ?ሻǡ 
Hܲ?ȁH?H?H?ൌ ܨH?ܲ H?H?H?ȁH?H?H?ܨH?H?൅ ܳH?Ǥ 
7KHXSGDWHSKDVH ݕ෤H?ൌ ݖH?െ ݄൫ݔොH?ȁH?H?H?ǡ  ?൯ǡܵH?ൌ ܪH?ܲ H?ȁH?H?H?ܪH?H?൅ ܴH?ǡܭH?ൌ Hܲ?ȁH?H?H?ܪH?H?ܵ H?H?H?ǡݔොH?ȁH?ൌ ݔොH?ȁH?H?H?൅ ܭH?ݕ෤H?ǡHܲ?ȁH?H?H?ൌ ܨH?ܲ H?H?H?ȁH?H?H?ܨH?H?൅ ܳH?Ǥ

D E
F G 
)LJXUH&RPSDULVRQRIRXWSXWDQJOHDQGDFFHOHUDWLRQRI,008VEHIRUHDQGDIWHUILOWHULQJDDFFHOHUDWLRQEHIRUHILOWHULQJEDFFHOHUDWLRQ
DIWHUILOWHULQJF(XOHUDQJOHEHIRUHILOWHULQJG(XOHUDQJOHDIWHUILOWHULQJ
7RGHQRLVHWKHFROOHFWHGGDWDWKHDQJOHYDOXHDQGDFFHOHUDWLRQYDOXHRIWKHVHQVRURXWSXWZDVILOWHUHGWKHGDWD
EHIRUHDQGDIWHUILOWHULQJZDVFRPSDUHGLWVKRZVWKDWRXUH[WHQGHG.DOPDQILOWHULQJPHWKRGFDQILOWHURXWWKHQRLVH
DQGHUURUJHQHUDWHGE\,008LQGDWDDFTXLVLWLRQDQGWUDQVPLVVLRQ7KHUHVXOWVRIFRPSDULVRQDUHVKRZQLQ)LJXUH
$FFHOHUDWLRQDQG(XOHUDQJOHNHHSWKHWUHQGRIRULJLQDOGDWDDIWHU.DOPDQILOWHUEXWILOWHURXWXQUHDVRQDEOHPXWDWLRQ
DQGQRLVHDQGUHGXFHWKHHUURUHIIHFW7KHUHDUHPDQ\FKRLFHVRIREVHUYLQJREMHFWDQGVWDWHREMHFWLQ.DOPDQILOWHULQJ
DOJRULWKP,QWKHFDOFXODWLRQRILQHUWLDOQDYLJDWLRQDWWLWXGH(XOHUDQJOHLVVHOHFWHGDVREVHUYLQJREMHFWDQGTXDWHUQLRQ
LVVWDWHREMHFW7KHDWWLWXGHDQJOHLVFDOFXODWHGE\RXWSXWYDOXHRIJ\URVFRSHVHQVRUDFFHOHUDWLRQVHQVRUDQGPDJQHWLF
VHQVRU UHVSHFWLYHO\ 7KHQ WKH RSWLPDO DWWLWXGH LQIRUPDWLRQ FDQ EH REWDLQHG E\ ILOWHULQJ DQG IXVLQJ WKH GDWD ZLWK
.DOPDQILOWHULQJDOJRULWKP
([SHULPHQWVDQG5HVXOWV'LVFXVVLRQ 
      









2ULJLQDODFFHOHUDWLRQFRPSRQHQW
WLPHV
DF
FH
OHU
DWL
RQ
J


D[
D\
D]
      









$FFHOHUDWLRQFRPSRQHQWDIWHU.DOPDQILOWHUSURFHVVLQJ
WLPHV
DF
FH
OHU
DWL
RQ
J


D[
D\
D]
      










WLPHV
DQ
JOH

2ULJLQDO(XOHUDQJOHFRPSRQHQW


SLWFK
\DZ
UROO
      










WLPHV
DQ
JOH

(XOHUDQJOHFRPSRQHQWDIWHU.DOPDQILOWHUSURFHVVLQJ


SLWFK
\DZ
UROO
6HYHUDOH[SHULPHQWVZHUHFDUULHGRXWWRLOOXVWUDWHWKHVXSHULRUSHUIRUPDQFHRIWKHGDWDJORYH,QRUGHUWRHQVXUH
WKHQRUPDODQGVWDEOHRSHUDWLRQRIWKHV\VWHPDQGUHGXFHWKHLQWHUIHUHQFHFDXVHGE\WKHSURGXFWLRQSURFHVVDQGWKH
XVHHQYLURQPHQWWKHVHQVRUVLQFOXGLQJJ\URVFRSHVPDJQHWRPHWHUVDQGDFFHOHURPHWHUVZHUHFDOLEUDWHGEHIRUHEHLQJ
XVHG,QRUGHUWRDGMXVWWKHSRVLWLRQRIWKHVHQVRUVIOH[LEO\,008VZHUHDWWDFKHGWRDULJKWKDQGJORYHXVLQJYHOFUR
DFFRUGLQJWRWKHSRVLWLRQRIWKHUHGGRWLQ)LJXUH7KHGHYHORSHGGDWDJORYHEDVHGRQ,008LVVKRZQLQ)LJXUH
)LJXUHDLVDFRQYHQWLRQDOIXOOVHQVRUVHW)LJXUHELVWKHJORYHEDVHGRQRXURSWLPL]HGVHQVRUSODFHPHQWVWUDWHJ\
ZLWKIHZHUVHQVRUV,WLVREYLRXVWKDWWKHGHFUHDVHRIWKHQXPEHURIVHQVRUVJUHDWO\UHGXFHVWKHEXUGHQRIWKHGDWD
JORYHRQWKHKDQGDQGFDQUHGXFHLWVHIIHFWRQWKHPRWLRQRIKDQG,QDGGLWLRQWKHUHGXFWLRQLQWKHQXPEHURIVHQVRUV
ZLOOGLUHFWO\UHGXFHWKHFRVWRIGDWDJORYHV$Q0&8ZDVXVHGWRREWDLQGDWDIURPPXOWLSOH,008VDQGWKHQVHQWWKH
REWDLQHGGDWDWRWKHFRPSXWHUIRUSURFHVVLQJE\0$7/$%
D E
)LJXUH7KHGHYHORSHGGDWDJORYHVDWUDGLWLRQDOIXOOVHQVRUVHWE2XURSWLPL]HGVHQVRUOD\RXWVWUDWHJ\ZLWKUHGXFHGVHQVRUVHW
)URP WKH (XOHU DQJOH DQG DFFHOHUDWLRQ REWDLQHG E\ WKH VHQVRU WKH DQJOHV RI WKH MRLQWV FDQ EH FDOFXODWHG
DFFRUGLQJWRWKHLQYHUVHNLQHPDWLFV7KHDQJOHVRIWKHMRLQWVFDOFXODWHGZKHQWKHKDQGUHPDLQVVWLOODUHVKRZQLQ7DEOH

7DEOH7KHFDOFXODWHGMRLQWDQJOHVDWWKHJLYHQPRPHQW 
ILQJHU ,3 0&3 70& C?C?C? C?C?C?
WKXPE    ? ?
LQGH[ ?  ?  
PLGGOH ?  ?  
ULQJ ?  ?  
OLWWOH ?  ?  
7RYHULI\ WKHDELOLW\RI WKHGDWDJORYHWRGHFRGHWKHKDQGJHVWXUHPRUHH[SHULPHQWVZHUHSHUIRUPHG'XULQJ
WKHH[SHULPHQWWKHVXEMHFWVZHUHDVNHGWRGRPDNHVRPHJHVWXUHVFRPPRQLQGDLO\OLIH7KHVXEMHFWVVDWQHDUWKHHGJH
RIWKHWDEOHDQGSXWWKHLUULJKWDUPRQWKHWDEOHLQDFRPIRUWDEOHSRVLWLRQ7KH\ZHUHLQVWUXFWHGWRPDNHWZRFRPPRQ
JHVWXUHV WKH JHVWXUH RI WKH QXPEHU RQH DQG WKH JHVWXUH RI ILVW FOHQFK $W WKH EHJLQQLQJ RI HDFK H[SHULPHQW WKH
VXEMHFWVH[WHQGHGWKHLUULJKWKDQGLQWRDQDWXUDOIXOOH[WHQVLRQ+HDULQJWKHJRFRPPDQGLQ&KLQHVHWKHVXEMHFWV
EHJDQWRFRPSOHWHJHVWXUHVDWDIL[HGVSHHG7KH,008VREWDLQHGGDWDHYHU\VDQGWKHQVHQWWR0&8$IWHUWKH
H[SHULPHQWWKHGDWDFROOHFWHGE\0&8ZHUHVHQWWRWKHFRPSXWHUSURFHVVHGE\0$7/$%DQGWKHFDOFXODWHGMRLQW
DQJOH ZDV VHQW WR WKH YLVXDO KDQG PRGHO $V VKRZQ LQ )LJXUH  WKH UHVWRUDWLRQ DFFXUDF\ FDQ EH HYDOXDWHG E\
FRPSDULQJWKHUHDOPRWLRQZLWKWKHPRGHOSRVWXUH%DVHGRQWKHRSWLPL]HGVHQVRUOD\RXWPHWKRGWKHKDQGPRWLRQ
FDQEHDFFXUDWHO\UHFRQVWUXFWHGZLWKWKHUHGXFHGQXPEHURIVHQVRUV 
 D  E
F G
)LJXUH&RPSDULVRQRIUHDOKDQGPRWLRQVDQGPRGHOVRQO\H[WHQGWKHLQGH[ILQJHUZLWKDGDWDJORYHZLWKIHZHUVHQVRUVDQGEZLWKIXOO
VHQVRUVHWDQGPDNHDILVWZLWKFGDWDJORYHZLWKIHZHUVHQVRUVDQGGZLWKIXOOVHQVRUVHW
7KHVDPHH[SHULPHQWZDVUHSHDWHGWLPHV&RPSDULQJWKHUHDOKDQGZLWKWKHUHFRQVWUXFWHGJHVWXUHVLQWKH
PRGHOWKHUHFRJQLWLRQUDWHRIWKHRSWLPL]HGVHQVRUOD\RXWPHWKRGLVQHDUO\FRPSDUHGZLWKRIWKHVHQVRU
PHWKRGV
$WWKHVDPHWLPHDQRWKHUH[SHULPHQWZDVFDUULHGRXWWRFRPSDUHGWKHFRQWLQXRXVMRLQWDQJOHVFDOFXODWHGE\WKH
WZRPHWKRGV)LUVWO\WKHVXEMHFWVZHUHDVNHGWRZHDUWKHGDWDJORYHVZLWKIXOOVHQVRUVHWH[WHQGHGWKHLUULJKWKDQG
LQWRDQDWXUDOIXOOH[WHQVLRQDQGWKHQEHJDQWRFRPSOHWHWKHJHVWXUHRIFOHQFKLQJILVWDWDIL[HGVSHHGWKHDFTXLUHG
GDWDZDVSURFHVVHGZLWK0$7/$%DVVKRZQLQWKHUHGFXUYHLQ)LJXUH6HFRQGO\WKHVXEMHFWVZHUHDVNHGWRZHDU
WKHGDWDJORYHVZLWKIHZHUVHQVRUVDQGWKHQEHJDQWRFRPSOHWHWKHJHVWXUHRIFOHQFKLQJILVWDWDIL[HGVSHHGXQGHUWKH
VDPHFRQGLWLRQV7KHDFTXLUHGGDWDZDVSURFHVVHGZLWK0$7/$%DVVKRZQLQWKHEOXHFXUYHLQ)LJXUH$VVKRZQLQ
)LJXUHWKHWUHQGRIWKHMRLQWDQJOHVGXULQJWKHZKROHPRYHPHQWFDOFXODWHGE\WKHWZRPHWKRGVDUHDOPRVWWKHVDPH
/DUJHHUURUVLQVRPHMRLQWVVXFKDV7B0&3,B3,3,B0&3KDYHEHHQQRWLFHG:HVSHFXODWHWKDWWKHVHHUURUVPD\EH
FDXVHGE\WKHIROORZLQJUHDVRQV7KHGDWDFDOFXODWHGE\WKHWZRPHWKRGVZHUHREWDLQHGIURPWZRH[SHULPHQWVZH
FDQQRWJXDUDQWHH WKDW WKHDFWLRQV LQ WKHH[SHULPHQWVDUHH[DFWO\ WKHVDPH ,Q WKH IROORZXSVWXG\ZHVKRXOGDGG
PRUHFRQYLQFLQJPHWKRGVWRREWDLQMRLQWDQJOHVIRUYHULILFDWLRQVXFKDVXVLQJWKHGDWDREWDLQHGE\PRWLRQFDSWXUH
V\VWHPDVDVWDQGDUGFRPSDUHWKHGDWDREWDLQHGE\WZRGLIIHUHQWVHQVRUFRPELQDWLRQVZLWKWKHVWDQGDUGDQGWKHQ
FRPSDUHWKHLUGLIIHUHQFHVDIWHUFDOFXODWLQJ:KHQVHYHUDOVSHFLILFMRLQWVZLWKODUJHUHUURUVDUHLQPRWLRQWKHSRVLWLRQ
RI,008VPD\EHRIIVHWEHFDXVHWKH\DUHQRWILUPO\IL[HGRQWKHJORYH)RUWKHWKXPEEHFDXVHWKHWKXPEMRLQWLV
PRUHFRPSOH[DQGZHDGRSWWKHVLPSOLILHGPRGHOWRFDOFXODWHWKHGDWDPD\KDYHODUJHUHUURUV
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E
)LJXUH&RPSDULVRQRIDQJOHVUDGLDQFDOFXODWHGE\WKHWZRPHWKRGVLQWZRVLPLODUPRYHV
&RPSDUHGZLWKWKH IXOO VHQVRUVHW WKHPHDQDQGVWDQGDUGGHYLDWLRQ 6'RIHUURURI WKHDQJOHVRI WKH
MRLQWVFDOFXODWHGE\RXUPHWKRGDUHVKRZQLQ7DEOHWKHHUURULVZLWKLQ
7DEOH7KHPHDQDQGVWDQGDUGGHYLDWLRQ6'RIHUURU 
)LQJHU ,3 0&3 70& C?C?C? C?C?C?
7KXPE    ? ?
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